An explicit polynomial strain-energy function for tetragonal-orthorhombic-monoclinic zirconia (ZrO 2 ), calibrated from the conventional hydrostatic p-T phase diagram, is used to study the effects of nonhydrostatic loading on the phase equilibria in this material. Several representative sections of the phase diagram of ZrO 2 in temperature and stress space, containing both triple and critical points, are computed. A new orthorhombic structure of ZrO 2 is predicted to be the most stable phase for a variety of experimentally accessible shear loads, in a wide range of temperatures and pressures.
I. INTRODUCTION
The toughness of brittle ceramics can be increased by an order of magnitude through the introduction of small transforming inclusions that undergo irreversible phase changes under severely nonhydrostatic and mostly tensile stresses, near the tip of a propagating crack. 1 One of the most important toughening agents in such transformation-toughened ceramics is zirconia (ZrO 2 ), 2,3 and the relevant domain of the p-T phase diagram of this material, which includes the tetragonal, orthorhombic ͑ortho I͒, and monoclinic phases, has been investigated experimentally in Refs. 4 -8 . A comprehensive Landau strain-energy function providing a unified thermodynamical description of these ZrO 2 phases under hydrostatic conditions has been constructed in Refs. 9 and 10. The hydrostatic phase diagram, however, is not sufficient for the analysis of the behavior of the zirconia inclusions near the tip of a crack, where the stresses exhibit strong shear components. The transformation conditions allowing one to compute the crack-shielding and toughness-increase effects must instead be formulated as a ''transformation criterion'' in stress space. 11, 12 The problem is then to determine the phase equilibria of zirconia under nonhydrostatic loads. The overall effect of the latter on the temperatures of the relevant phase transitions is expected to be much stronger than the influence of hydrostatic pressure since, for instance, the shear effect of the well-known tetragonal-to-monoclinic phase transformation in ZrO 2 is about four times larger than the corresponding volumetric effect. Experimental measurements in uniaxial and bending tests for this system are quite limited and are available only for stabilized configurations of tetragonal ZrO 2 . [13] [14] [15] It has been observed, however, that the relatively high plasticity limit in this material permits a purely elastic analysis of its nonhydrostatic phase equilibria. 16 To organize the existing data and focus future experimental research on nonhydrostatic equilibria, in this paper we employ the phenomenological model of Ref. 10 to study the effects of various shear loads on ZrO 2 crystals. We compute a number of experimentally relevant sections of the full stress-temperature phase diagram and make predictions concerning the stability domains of the zirconia phases for a variety of nonhydrostatic conditions, demonstrating the strong effect of the shear stresses on the phase equilibria observed under hydrostatic conditions. We also show the presence of new triple points in the temperature-stress phase diagrams and of critical points where severely sheared phases, which possess different symmetries under hydrostatic loads, become indistinguishable. 17 The most interesting prediction is that a new orthorhombic zirconia structure, already shown in Ref. 10 to have a small metastability range at high temperatures and low pressures, is the most stable one for a variety of shear loads, also at room conditions; this new phase may potentially become dominant in the vicinity of a crack tip. The new structure can only be partially characterized by our model, and requires the use of suitable crystallographic ͑see Appendix B͒ and ab initio methods for a complete study. In addition to ZrO 2 , our approach and results may prove useful also for a better understanding of the behavior of other oxides, such as hafnia HfO 2 . This paper is organized as follows. After giving brief crystallographic preliminaries and an introduction to our strain energy function in Sec. II, we study in Sec. III the behavior of zirconia crystals under hydrostatic or uniaxial, compressive or tensile loads. The calculated phase diagrams confirm that the nonisotropic loads have a marked effect on the known phase equilibria of ZrO 2 , including the tetragonal-to-monoclinic transformation. We also find that the new orthorhombic phase mentioned above gains stablility in hydrostatic tension, or uniaxial compression, over a wide range of temperatures. In Sec. IV we study the behavior of zirconia crystals under shear loads that may distort all the ZrO 2 structures considered here, converting the symmetryrelated variants of the low-symmetry configurations into independent phases. In this case we find that the monoclinic phase is stabilized ͑versus the tetragonal one͒ at high temperatures for low shears, while for higher shears and temperatures the new orthorhombic structure again becomes the most stable one. We also calculate a section of the sheartemperature diagram at higher pressure, which exhibits, at relatively small shears, symmetric critical points for the tetragonal and ortho I phases. In the Appendixes we provide some additional details regarding our 10 Landau energy for ZrO 2 , and briefly discuss some possibilities for the crystallographic structure of the new orthorhombic phase that is stable under nonhydrostatic loads.
II. TRANSFORMATION MECHANISM, ORDER PARAMETERS, AND ENERGY FUNCTION
In the area of the p-T phase diagram not too far from room conditions, zirconia exhibits the following three phases: tetragonal (t), orthorhombic ''ortho I'' (o1), and monoclinic (m), with a triple point located at about 840 K and 1.8 GPa. References 4 -8 and 18 -21 give the space groups and detailed crystallographic descriptions of these and other zirconia polymorphs, and present the experimental phase diagrams ͑see also Ref. 10 for some details͒. If certain atoms are disregarded ͑see Fig. 1͒ , the t-o1-m structures of ZrO 2 can all be described as originating from the distortion of a primitive tetragonal ''skeletal'' Bravais lattice, spanned by three mutually orthogonal basis vectors t 1 ,t 2 , and t 3 .
In our simplified setting which only considers the skeletal atoms, the symmetry of a phase is dictated by the point group of the corresponding structure. The point group T 3 of the t phase is
where R k denotes a rotation of angle about the axis k, and only the elements with positive determinant are listed. From an analysis of the literature, 2,6,18 -25 we conclude 9,10 that the o1 phase has point group
while ͑since the fourfold axis of the t phase is parallel to the twofold axis of the m phase͒ the m phase has point group
͖.
͑3͒
The orientation relationships given by Eqs. ͑1͒-͑3͒ are also confirmed by Ref. 3 . The ͑sub͒groups in Eqs. ͑2͒ and ͑3͒ determine the form of the strains that produce, from the tetragonal skeletal lattice in Fig. 1 , the o1 and m lattices with point groups as above; see Refs. 9, 10, and 26 for details.
For each temperature T, we consider as the reference state the tetragonal equilibrium configuration at that temperature ͑thermal-expansion data for the t phase can be found in Refs. 27 The strain components y 4 and y 5 are not involved in the transformation mechanism of the zirconia polymorphs discussed here, and will be considered as completely decoupled. The components y 1 and y 2 describe the symmetry-preserving stress-free thermal expansion of the tetragonal lattice in Fig.  1 and do not affect the symmetries of the phases under consideration. The remaining strains y 3 and y 6 are the order parameters in our model ͑see Fig. 1͒ : conditions y 3 ϭy 6 ϭ0 select the t phase ͑with point group T 3 ); conditions y 3 ϭ " 0 and y 6 ϭ0 give the o1 phase ͑with point group O 123 ); finally, for y 3 and y 6 both nonzero we obtain the m phase ͑with point group M 3 ). The configurations with y 6 ϭ " 0 and y 3 ϭ0 identify a second orthorhombic phase (o2) with point group
͑5͒
The theory of Ref. 10 indicates that such an o2 phase, although not reported in the experimental literature, has a small metastability range for high temperatures and low pressures. As we show below, under suitable nonhydrostatic loadings this range is extended, making o2 the most stable structure for ZrO 2 in a wide domain of pressures and temperatures. 31 We attribute to any homogeneous deformation of the reference configuration in Fig. 1 a tetragonally invariant free energy density per unit reference volume, which depends on y 1 , . . . ,y 6 and T. A suitable polynomial expansion for has been derived in Ref. 10 and is recalled in Appendix A. To obtain the Gibbs free energy density G we add to the potential of a general nonhydrostatic load:
The primitive-tetragonal reference cell with Zϭ4 (Z being the number of chemical units͒, used to describe the deformations of the ZrO 2 structures; Zr atoms are in gray, O atoms in white. This cell is spanned by the basis vectors t a , aϭ1,2,3, with the fourfold axis along t 3 ; the dashed atoms of the zirconia crystal are disregarded in this model. The order parameters y 3 and y 6 break the equality of the lengths of the vectors t 1 and t 2 and their orthogonality condition, respectively ͑see Appendix A͒.
(Iϭ1, . . . ,6), where the stress components I , referred to the same basis as the strains y I , are related as follows to the usual stress coordinates I conjugate to the strains e I :
The Landau potential L is then derived from Eq. ͑7͒ through the adiabatic elimination of all deformational variables other than the order parameters y 3 and y 6 , and since the dependence of on y 1 , y 2 , y 4 , and y 5 in Eq. ͑6͒ is assumed to be convex ͑quadratic͒, there is a unique solution of the equilibrium equations ‫ץ‬ G /‫ץ‬y R ϭ0 for Rϭ1,2,4,5.
In this paper we limit our attention to loads with 4 ϭ0, 5 ϭ0.
32 Under these conditions, we obtain the function
whose explicit form can be found in Eq. ͑A6͒ of Appendix A. We notice that, as is an even function of y 3 and y 6 , the energy L is invariant under the simultaneous reflection of y 3 and 3 , or of y 6 and 6 . 33 The critical points of L are obtained by solving the equilibrium equations ‫ץ‬ L /‫ץ‬y R ϭ0 for Rϭ3, 6 . The global phase diagram in the fivedimensional space ( 1 , 2 , 3 , 6 , T) will then distinguish the domains with different structures of the global minima of L , as well as the metastability domains for each minimizer. Since pϭϪ 1 , one obtains the standard Gibbs free energy density g(p,T) for a given phase by setting 2 ϭ 3 ϭ 6 ϭ0 in Eq. ͑8͒, and minimizing the resulting function with respect to y 3 and y 6 . The sets of minimizers "y 3 (p,T),y 6 (p,T)… obtained in this way represent the different stable phases under consideration, and give distinct energy functions g(p,T) for the different phases. In the conventional approach such functions are obtained separately through direct modeling, rather than through the elimination of internal parameters; this obscures the fact that each phase is represented by a set of symmetry-related variants. Consideration of such individual ''twins,'' however, is important when the original symmetry relations among the variants are destroyed by shear stresses, and the twins become independent phases. The present approach, which unfolds the complete energy landscape in the original strain variables, allows one to take these effects into consideration and trace the connections among all the energy wells.
III. LOADS CONJUGATE TO NON-ORDER-PARAMETERS
In this section we study how phase equilibria in zirconia are affected by the loads pϭϪ 1 , representing hydrostatic pressure or tension, and 3 , which is responsible for uniaxial tension or compression along the highest-symmetry axis t 3 in Fig. 1 . A more natural variable for this non-hydrostatic load is
which is negative for uniaxial compression and positive for uniaxial tension ͑in excess of the isotropic load p). As is the case for p, the application of may affect the c/a ratio of the t phase and eventually activate the order parameters y 3 and y 6 , which produce the symmetry-breaking transformation. However, as the strain variables conjugate to p or are orthogonal to y 3 and y 6 ͓see Eqs. ͑4͒, ͑7͒, and ͑9͔͒, p and may activate the order parameters only through the higherorder coupling terms involving y 3 and y 6 in Eq. ͑6͒; therefore these two types of loading do not change the symmetry groups considered in Sec. II, as the equilibrium equations and the corresponding solutions maintain their original invariance for all p and ͑also the variant structures for the low-symmetry configurations are preserved͒. We notice that for this reason the corresponding phase diagrams are not symmetric in tension or compression, i.e., under a change of sign for p or . In each diagram we use the strain energy ͑8͒ to obtain quantitative information on the corresponding phase relations ͑see Appendix A for the explicit energy function͒. In addition to the standard equilibrium phase boundaries ͑''Maxwell lines,'' indicated by thick lines in the figures͒, in the computed phase diagrams hereafter we present also the boundaries of the stability domains of the different phases, which indicate the combinations of parameters where the corresponding matrix of elastic moduli softens ͑dashed lines͒. The role of compressive hydrostatic pressure pϾ0 is described by the conventional thermodynamic p-T diagram, which in Ref. 10 was calibrated from experimental data. Here we extend our previous analysis by covering also the domain of hydrostatic tension pϽ0 ͑see Fig. 2͒ , which is relevant for the description of phase transformations near the tip of a crack. The most interesting feature of this extended diagram is the appearance, at high temperatures and high tensile loads ͑important for transformation toughening͒, of the new orthorhombic phase o2 with symmetry of O 1Ϯ2,3 .
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For pϭϪ0. 16 GPa, Tϭ1560 K, we obtain a new t-o2-m triple point, where the three Maxwell lines, numbered 1 (t-m), 3 (t-o2), and 4 (m-o2) meet. This triple point must be distinguished from the well-known triple point with coexisting t, o1, and m phases, studied in Ref. 10 . 35 We observe that around each triple point there is an extended domain where three metastable phases coexist. Since such domains do not overlap, the possibility of four coexisting metastable phases, although theoretically allowed for a one-component system, is ruled out by the numerical values of the Landau coefficients suitable for ZrO 2 ͑see Table I͒.
Notice that the equilibrium phase boundaries in Fig. 2 separating the domain of absolute stability of the phase o2 have negative slopes. This is a result of the negative volumetric effect of the transitions m-o2 (⌬V/VϭϪ0.19% from m to o2) and o2-t (⌬V/VϭϪ4.67% from o2 to t). We remark that the conventional orthorhombic phase o1 has almost the same density as the t phase, with ⌬V/VϭϪ1.5%. Such a low volumetric effect, which makes the corresponding phase boundary almost parallel to the pressure axis, probably contributed to the early confusion, in the experimental literature, between the t and o1 zirconia phases.
In Fig. 3 we show the -T section for pϭ0 of the global three-dimensional -p-T phase diagram. Here the t, o2, and m phases are the absolute minimizers in their respective domains, with the standard o1 configuration present only as a metastable phase ͑relative minimizer͒, below line 8. The three equilibrium Maxwell lines, numbered 1 (t-m), 3 (t-o2), and 4 (m-o2), meet at a t-o2-m triple point, located at about 1400 K and Ϫ85 MPa. The fact that the nonisotropic load preserves the structure of the symmetry-related phase variants, which all maintain equal energy, is illustrated by the energy profile in the lower part of Fig. 3 . We observe that the effect of uniaxial tension (Ͼ0) is to raise the t-m transformation temperature, enlarging the stability domain of the m phase; we obtain for the derivative dT/d along the t-m phase boundary an average value of 1010 K GPa Ϫ1 .
For uniaxial compression Ͻ0, on the other hand, the stability domain of the t phase is at first enlarged, but at higher compressions the new o2 structure becomes the most stable one. This gives in principle a way to detect experimentally such an o2 phase, as uniaxial compression at room temperature and pressure should produce a m-o2 transformation in ZrO 2 at about ϭϪ0.7 GPa.
In Fig. 4 we present another important section of the -p-T phase diagram, representing the -p plane at room temperature Tϭ293 K. This is a natural choice from the experimental point of view, and some of the -p phase relations for zirconia have indeed been reported in Refs. 13 and 14 for CeO 2 -stabilized sintered powder samples. Again, also on this plane, we find that all the four structures t, o1, o2, and m can be absolute minimizers, with both the t-o1-m and the t-o2-m triple points. Most of the slopes of the equilibrium phase boundaries here are positive, from which we deduce, for instance, that the transition from m to t leads not only to the reduction of volume but also to the contraction along the tetragonal axis. The corresponding experimental observation on stabilized powders 14 shows that the t-m transformation pressure indeed increases with uniaxial tension; the slope of the equilibrium phase boundary was experimentally found to be ͑in our variables͒ d/dpϭ1.31. Our computations give an average slope of 0.43, which, while correct in order of magnitude, is in disagreement with the experimental value possibly due to the random orientations of the grains in the experiments on powders, which make the applied uniaxial load not aligned with any particular axis in the crystal.
We remark that a common approach of phenomenological continuum mechanics, which often treats phase transitions as a form of ''plastic'' deformation, 13, 14 would be to use the result of a uniaxial test to fit parameters within a standard hypothesis for the transformation ''yield surface,'' satisfying general conditions of material symmetry. For instance, the ''flow'' surface of the Mohr-Coulomb type was constructed in Ref. 13 based on a tensile test, and applied subsequently for the interpretation of a bending test. In contrast, in our approach we are not constrained by any a priori structure of the transformation surface or ''flow rule''; moreover, we can distinguish between the equilibrium ͑Maxwell͒ phase boundaries and the stability boundaries, indicating the limits of ultimate strength of the corresponding phases. Despite this flexibility, the issue of finding a unifying ansatz for the Maxwell surfaces of ZrO 2 , representing them in an approximate but simple way in global stress space, remains an interesting challenge.
IV. LOADS CONJUGATE TO ORDER PARAMETERS
In this section we consider nonhydrostatic loads conjugate to the order parameters y 3 and y 6 . These shear loads, with components 3 and 6 ϭ 6 , disrupt the structure of the symmetry-related variants because their potential produces a ''tilt'' of the original energy surface and the equilibrium equations no longer have parity in y 3 or y 6 . This turns the variants of the orthorhombic and monoclinic structures into independent phases, which are no longer grouped into orbits of equienergetic wells.
Consider first the 6 loading. In this case parity in y 6 is lost, so that the four m solutions with monoclinic point group M 3 ͑which for 6 ϭ0 only differ by the four possible permutations of signs of y 3 and y 6 , but are otherwise equivalent͒ are now split into two independent pairs of variants: m ϩ for y 6 Ͼ0, and m Ϫ for y 6 Ͻ0 ͑their point group is always M 3 ), and analogously for the two o2 ϩ and o2 Ϫ orthorhombic wells ͑which both have point group O 1Ϯ2,3 ). We remark that while the o2 and m energy minimizers preserve their symmetry under the load 6 , the t minimizer does not maintain its T 3 point group, and immediately becomes a ''distorted tetragonal'' phase ͑still called t) with point group O 1Ϯ2, 3 .
The computed 6 -T phase diagram at room pressure, which is necessarily symmetric with respect to the reflection about the T axis, is shown in Fig. 5 . The two new monoclinic ''phases,'' represented by the two pairs of wells m Ϯ , maintain the same energy along line 10 in the diagram ͑i.e., for 6 ϭ0), which may therefore be viewed as an equilibrium ͑Maxwell͒ boundary; the same is true for the other two new o2 Ϯ phases ͑see the energy plot in the lower part of Fig. 5͒ . We observe that the overall effect of the 6 shear loading on the t-m phase change at room pressure is to raise fairly steeply the transformation temperature for small loads, with a stabilization of the low-symmetry m phase ͑variants m ϩ ) to above 1550 K. It is instructive to compare this effect with the corresponding effect of hydrostatic pressure, studied in the preceding section. Our computation here gives dT/d 6 ϭ1660, which should be compared to dT/dpϭϪ370 ͑all figures in K GPa Ϫ1 ); the large numerical value of the slope of the t-m phase boundary in the 6 -T plane and the associated drastic promotion of the m phase achieved through the application of the 6 shear load can be attributed to the large transformation shear strain ͑17%͒, compared to the volumetric effect ͑5%͒, in this phase change. Notice also that, contrary to the case of classical plasticity, the ''yield stress'' for transformation plasticity in tetragonal zirconia increases with temperature, rather than decreases. In Fig. 5 we further notice that at higher shear stresses and temperatures, the m phase, initially promoted by the 6 load, again gives way to the new orthorhombic phase o2 ͑variant o2 ϩ ). The phase diagram in Fig. 5 thus exhibits three triple points: 
t-o1
ϩ -m ϩ , t-o1 Ϫ -m Ϫ , and t-m ϩ -m Ϫ . Two of these triple points correspond to conventional t-o2-m three-phase equilibria, while the third one corresponds to the coexistence of the t and m structures, the m phase being represented by two sets of m Ϫ and m ϩ twins. The latter are crystallographically and energetically equivalent at 6 ϭ0, but become distinct as the energy landscape gets tilted for any nonzero value of 6 .
One can speculate that for higher T and higher ͑positive or negative͒ 6 the t-o1 ϩ and t-o1 Ϫ phase boundaries may terminate at critical points where the difference between the corresponding phases disappears. We did not extend to such conditions the computations reported in Fig. 5 , because the presence of the cubic energy well of ZrO 2 , not taken into account in our model, would considerably affect the hightemperature part of the 6 -T diagram.
To illustrate nonetheless the notion of such shear-induced critical points ͑see also Refs. 11 and 36͒ we consider the load 3 , which is conjugate to the strain y 3 , related to the t-o1 phase transition. Figure 6 presents a portion of the computed 3 -T phase diagram for pϭ4 GPa. Here the only stable phases are t and o1, whose two variants, according to the sign of y 3 , are denoted o1 ϩ and o1 Ϫ ; the latter are equivalent symmetry-related twins for 3 ϭ0, and become independent phases under nonzero 3 loads. The triple point in Fig. 6 refers to the conditions producing the equal depth of such t, o1 ϩ , and o1 Ϫ energy wells. The application of the shear load again significantly extends the stability domain of the low-symmetry phase o1, as it strongly affects the temperature of the t-o1 phase change: the slope of the corresponding phase boundary is dT/d 3 ϭ420 K GPa Ϫ1 . The diagram in Fig. 6 also indicates that the application of this shear load produces a significant reduction of the otherwise large t-o1 transformation hysteresis. This leads eventually to the appearance of the critical points where the t-o1 ϩ and t-o1 Ϫ equilibrium ͑Maxwell͒ lines terminate, as the width of the hysteresis becomes equal to zero. In the area of the diagram adjacent to such critical points the t and o1 ϩ , and the t and o1 Ϫ phases, respectively, can no longer be distinguished. 
, and 10 (m ϩ -m Ϫ ); the latter is the equilibrium line between the two pairs of monoclinic variants m Ϯ . The partially overlapping stability domains for m Ϯ are, respectively, below dashed lines 7 Ϯ , and, for o2 Ϯ , they are above dashed lines 9 Ϯ . The triple points are marked by circles; the two upper triple points refer to the equal value of the Landau potential of the distorted-tetragonal t, the o2 Ϯ , and the two m Ϯ energy wells ͑all taken with the same ϩ or Ϫ sign͒. The lower triple point refers to the equal depth of the t, m ϩ , and m Ϫ wells for 6 ϭ0. The level sets and minimizers of the ''tilted'' Landau potential for conditions near the t-o2 ϩ -m ϩ triple point are shown below the phase diagram; notice the absence of the variants m Ϫ , which at these conditions ͑above line 7 Ϫ ) are unstable. Ϯ (t-o1 Ϯ ), and 11 (o1 ϩ -o1 Ϫ ), where the two independent variants of the o1 phase ͑with orthorhombic O 123 symmetry͒ are denoted by o1 ϩ and o1 Ϫ according to the sign of y 3 ͑the undistorted t phase with symmetry T 3 only exists for 3 ϭ0, while for 3 0 it has O 123 symmetry͒. The stability domain is above the dashed lines number 6 for the ͑distorted͒ t phase, and below the dashed lines 8 Ϯ for o1 Ϯ phases. The triple point marked by the larger circle refers to the equal depth of the t-o1 ϩ -o1 Ϫ energy wells. The critical points are marked by smaller circles. The symbols t/o1 Ϯ indicate that only one distorted structure is stable in the domain outside the ''spikes'' ending at the two critical points.
The critical points encountered here are similar to the classical thermodynamic singularities known for the gas/ liquid systems, except that in the present case one encounters a ''merging'' of crystal structures that originally ͑i.e., for 3 ϭ0) had distinct T 3 and O 123 symmetries. The shear loads play the same role as imperfections in the theory of buckling for structures ͑or for any bifurcating system͒: if sufficiently large, they may completely smooth the transition. In the present case, at pϭ4 GPa and up to 3 ϭ0.025 GPa, one should still observe the t-o1 transformation by cycling T in a range between 800 and 900 K; for higher 3 this transformation should no longer take place, as only one stable phase exists in this region of the diagram ͑indicated, respectively, by the symbols t/o1 Ϯ in Fig. 6͒ .
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V. CONCLUSIONS
While all nonhydrostatic phase equilibria for crystals at finite temperature are fundamentally unstable due to the eventual development of plastic deformation or thermally activated creep, crystalline configurations loaded by shear stresses exist in practice for long times. In these cases of suppressed or strongly delayed relaxation the methods of equilibrium thermodynamics are appropriate, and one can introduce the shear loads as control parameters besides the usual pressure and temperature. This enlargement of the parameter space strongly affects the conventional phase diagrams of materials, and generates a variety of interesting effects, notably the uncoupling of symmetry-related ''twin'' phases, and the smoothing of symmetry discontinuities around critical points.
In this paper we have studied some of these effects in the case of zirconia, by using the energetic model in Ref. 10 . We have explicitly computed several sections of the global nonhydrostatic phase diagram, in which we show both the equilibrium phase boundaries and the coexistence domains for metastable structures. New features emerging as a consequence of the introduction of the shear loads are a number of triple points in the diagrams and critical points, indicating the limits where crystal phases with different symmetries become indistinguishable. Our main result is the prediction that a new orthorhombic phase of ZrO 2 ͑see Appendix B͒ should be the most stable one for experimentally accessible nonhydrostatic loads in a wide range of temperatures and pressures. The experimental study of zirconia crystals in the suggested domains of shear loads and the parallel ab initio modeling of the new phase should provide proof of the consistency of our approach.
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with A 3 Ͼ0 and A 6 у0, so that at low pressures the tetragonal phase is stable at high temperatures. As a result of minimizing the Gibbs free energy function G in Eq. ͑6͒ with respect to the non-order-parameter strains, we obtain y 4 ϭy 5 ϭ0 and ͑recall that Ϫpϭ 1 ) The renormalized coefficients can be written: Table I .
APPENDIX B
Details about the atomic positions within the t, o1, and m zirconia cells are given in the literature mentioned at the beginning of Sec. II ͑see Ref. 10 for an illustration͒. Our approximate model, in which a number of atoms of the zirconia crystal are disregarded ͑see Fig. 1͒ , can only indicate, for the new o2 phase, the point group ͑5͒ and the corresponding skeletal deformation. The configuration of the atoms inside the o2 skeletal cell may then be estimated by some natural criteria that help to identify likely candidate structures: 41 ͑i͒ The space group ͑SG͒ of the o2 structure should be a subgroup of the SG P4 2 /nmc of the t structure, and a supergroup of the SG P2 1 /c of the m structure ͑this forces the o2 SG to have the orthorhombic holohedry mmm as point group͒. ͑ii͒ There are at most 8 ZrO 2 chemical units within the o2 skeletal cell, i.e., we take Zϭ2, 4, or 8, for the o2 structure. ͑iii͒ The o2 structure is obtained from the t structure through a single normal mode originating from a wave vector on the boundary of the Brillouin zone. Finally, ͑iv͒ the strain in the skeletal cell must produce the point group O 1Ϯ2,3 , i.e., it must be such that two of the orthorhombic axes be along diagonals of the basal square of the skeletal lattice in Fig. 1 ͑the third one being along the tetragonal axis͒. By using the standard methods, [42] [43] [44] and the program ISOTROPY, 45 we obtain from criteria ͑i͒-͑iv͒ above the three structures listed in Table II ͑none of which has Zϭ8). The simplest such candidate, which originates from mode ⌫ 2 ϩ , is illustrated in Fig. 7 ; it has Zϭ2 and its unit basis v a coincides with the basis
of the unit cell of the primitive tetragonal structure of ZrO 2 , which also has Zϭ2 ͑we recall that our skeletal tetragonal cell in Fig. 1 has Zϭ4, i.e., twice the volume of such unit cell͒. We notice that some possible orthorhombic structures for zirconia have been investigated for instance in Refs. 20 and 48 using density-functional theory, with the aim of assessing Table II͒ . A skeletal cell as in Fig. 1 , with Zϭ4, is shown; Zr atoms are marked in gray, O atoms in white ͑the skeletal Zr atoms are highlighted͒. The actual unit cell has Zϭ2; the coordination number for the Zr atoms is 8. In the basal plane ABCDE of this o2 configuration, the polygon ABCD is a rhombus centered in E. The vectors EB, EC, and FE are the three mutually orthogonal orthorhombic axes of this lattice.
their relative stability against other tetragonal or cubic configurations adopted by ZrO 2 or other oxides or halides. None of these structures, however, are in the list of Table II ; establishing the actual nature of the o2 zirconia phase and confirming its stability at higher pressures, temperatures, and possibly nonhydrostatic loads, needs further careful firstprinciples investigation that is beyond the scope of the present study. 
